Extension of a Borel subalgebra symmetry into the sfa 
loop algebra symmetry for the twisted XXZ spin chain at 
roots of unity and the Onsager algebra * 



We discuss a conjecture that the twisted transfer matrix of the six- vertex model at roots 
of unity with some discrete twist angles should have the sl(2) loop algebra symmetry. As 
an evidence of this conjecture, we show the following mathematical result on a subalgebra 
of the sl(2) loop algebra, which we call a Borel subalgebra: any given finite-dimensional 
highest weight representation of the Borel subalgebra is extended into that of the sl(2) loop 
algebra, if the parameters associated with it are nonzero. Thus, if operators commuting 
or anti-commuting with the twisted transfer matrix of the six-vertex model at roots of 
unity generate the Borel subalgebra, then they also generate the sl(2) loop algebra. The 
result should be useful for studying the connection of the sl(2) loop algebra symmetry to 
the Onsager algebra symmetry of the superintegrable chiral Potts model. 

1 Introduction 

Spectral properties of the XXZ spin chain under the twisted boundary conditions have 
attracted much attention in mathematical physics and condensed matter physics [H El El 
HI \E\ . The XXZ Hamiltonian on a ring of L sites is given by 
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where a® (a = X, Y, Z) are the Pauli matrices defined on the jth site, and they satisfy 
the twisted boundary conditions: 
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We call the parameter <j> the twist angle. When = 0, conditions ([2]) reduces to the 
periodic boundary conditions. We define parameter q by A = (q + q~ 1 )/2. We also 
introduce twist parameter ip by 

q 2 * = exp(^) . (3) 

It has been shown that when q is a root of unity the XXZ spin chain under the 
periodic boundary conditions commutes with the sh loop algebra, U(L(sl2)) [6]. (See 
also, [U El Ell HHO Through the similar derivation in terms of the Temper ley-Lieb 
algebra as given in [B], it was shown that the twisted XXZ spin chain at roots of unity 
commutes with the sfa loop algebra for <j> = tt, i.e. under the anti-periodic boundary 
conditions |12j . It was also shown that when q is a root of unity such as q 2N = 1 
and <p is an integer, there exist some operators commuting or anti-commuting with the 
twisted transfer matrix of the six- vertex model [T2]. Furthermore, it was pointed out by 
Korff that in some sectors such operators generate a subalgebra U(Bq) of the sfe loop 
algebra U(L(sl2)), which we call a Borel subalgebra [13j . Let x^ and h n for m,n € Z 
be the generators of the sh loop algebra U(L(sl2))- Then, the Borel subalgebra U(Bq) is 
generated by the following operators: %£, hf. for k = 0, 1, ... , and x^ for = 1, 2, 

In the paper we show a mathematical result that every highest weight representation of 
the Borel subalgebra U(Bq) is extended into that of the sfa loop algebra if the parameters 
associated with the representation are nonzero. It follows from the result that if the 
twisted transfer matrix has the Borel subalgebra symmetry, then it has also the sl2 loop 
algebra symmetry. We thus give a conjecture that the sh loop algebra is generated 
by the operators constructed in [12] which commute or anti-commute with the twisted 
transfer matrix of the six-vertex model at roots of unity. Here we note that Benkart and 
Terwilliger have shown that the action of U{Bq) on a finite-dimensional irreducible U{Bq) 
module extends uniquely to an action of U q {L(sl2)) on it [TJ]. The mathematical result 
in the paper is new for reducible highest weight representations of U{Bq). We also discuss 
construction of generators of the Onsager algebra from a highest weight representation of 
the sl2 loop algebra. The result should be useful for investigating the connection of the sl2 
loop algebra to the Onsager algebra symmetry of the super-integrable chiral Potts model 
[15] . Quite recently in an independent research [16], eigenvectors of the superintegrable 
model associated with the superintegrable chiral Potts model have been studied by making 
use of the sfe loop algebra symmetry of some XXZ spin chain. They should be closely 
related to Ref. [15], and some results of the present paper should also be relevant. 

The content of the paper consists of the following: In section 2, we review the infinite- 
dimensional symmetries of the twisted transfer matrix of the six- vertex model at roots of 
unity. In particular, we review operators commuting or anti-commuting with the twisted 
transfer matrix at roots of unity. In some sectors they generate the Borel subalgebra. In 
section 3, we show that any given highest weight representation of the Borel subalgebra 
is extended to that of the sfa loop algebra if the associated parameters are nonzero. In 
section 4, we summarize some results on the infinite-dimensional symmetry of the twisted 
transfer matrix of the six- vertex model at roots of unity, and then suggest a conjecture that 
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the twisted transfer matrix of the six- vertex model at roots of unity should have the sfa 
loop algebra symmetry. In section 5 , we give a method for constructing a representation 
of the Onsager algebra from a finite-dimensional highest weight representation of the sfo 
algebra. 



2 Infinite dimensional symmetry of the twisted 
XXZ spin chain 

2.1 Definition of the twisted transfer matrix 

In order to formulate the twisted transfer matrix of the six-vertex model, we review some 
formulas of the algebraic Bethe ansatz. The R matrix of the XXZ spin chain is defined 
by 

f f(w-z) \ 

g(w-z) 1 
1 g(w-z) 

V f(w-z) J 

where f(z — w) and g(z — w) are given by 



R(z - w) 



(4) 



,. . sinh(z — w — 2ri) . sinh(— 2n) 

f(z -w) = — — , g(z -w) = — 

smh(z — w) smh(z — w) 

We introduce L operators for the XXZ spin chain 



(5) 



L n (z) 



L n (z)1 L n (z)\ 



sinh {z I n + rja^) sinh 2rj a n 
sinh 2t] a+ sinh (z I n — rja^) 



(6) 



Here I n and (n = 1, . . . , L) are acting on the nth vector space V n . We recall that 
denote a + = E\2 and a~ = E21, and a x ,a Y ,a z the Pauli matrices. In terms of the R 
matrix and L operators, the Yang-Baxter equation is expressed as 



R(z - w) (L n (z) <8) L n (w)) = (L n (w) <g) L n (z)) R(z - w) 



(7) 



We define the monodromy matrix T(z) by T(z) = Lj_,(z) ■ ■ ■ L2(z)L\(z) . The monodromy 
matrix satisfies the Yang-Baxter equations 

R(z - w) (T(z; {U}) ® T(w; {£„})) = (T(w; {£„}) T(z; tf n })) R{z - w) (8) 

Let us denote the matrix elements of T(z) as follows: 



T{z) 



A(z) B(z) 
C(z) D(z) 



The twisted transfer matrix T§y(z\ ip) is defined by 

T 6 y(z ;V 9) =tv(q^oT(z)) = q^A(z) + q^D(z). 



(9) 



(10) 
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The twisted Hamiltonian is given by the following logarithmic derivative: 
sinh 27/ x log t(z; <p)\ z =ri 

L-l 

= ^ (2*+*r +1 + 20-70-+.! + cosh27/a/af +1 ) 
i=i 

+ g -2 * 5 2o- + o-f + q 2v 2o L o\ + cosh 2t/ct£ of + L cosh 2t/ 
= Hxxz(<f>)/J + LA. 

2.2 Roots of unity conditions 

Let us formulate roots of unity conditions explicitly as follows [12\ [TT] . 

Definition 1 (Roots of unity conditions). We say that qo *s « root 0/ 7jni£y with q^ N = 1, 
if one of the three conditions hold: (1) N is odd and qo is a primitive Nth root of unity, 
i.e. q$ = 1; (2) N is odd and qo is a primitive 2Nth root of unity , i.e. q$ = —1; (3) N 
is even and qo is a primitive 2Nth root of unity , i.e. q$ = — 1. 

Let us denote by S z ± cp either S z + <p or S z — cp. We now consider the condition 
of q$ S ±2ip = 1. The values of S z and cp are given by integers or half-integers under the 
twisted boundary conditions. 

(1) When N is odd and q$ = 1, we have q^ S ±2</3 = 1 if and only if S z ± ip = (mod 
N) or S z ± ip = N/2 (mod N). When S z ± ip = (mod N), ip is given by an integer 
for even L, and a half-integer for odd L. When S z ±(p = N/2 (mod N), ip is given by a 
half- integer for even L, and an integer for odd L. 

(2) When N is odd and qff = -1, we have qr 2S,z±2 ¥> = 1 if and only if S z ± cp = (mod 
iV). is given by an integer for even L, and a half- integer for odd L. 

(3) When N is even and = —1, we have q 2sZ ± 2L P = 1 if and only if S z ± 99 = (mod 
N). ip is given by an integer for even L, and a half-integer for odd L. 

Here we note that if the number of lattice sites L is given by an even integer, then S z 
takes integral values, while if L is odd, S z takes half-integral values. 



2.3 Operators commuting with the twisted XXZ Hamilto- 
nian 

We now formulate operators commuting or anti-commuting with the twisted transfer 
matrix of the six- vertex model at roots of unity [12]. We introduce operators Sf and Tf 
by 



Sf = q aZ/2 ® • • • <g> q aZ/2 <g> of <g> q~ aZ/2 <g> • • • ® q^ /2 , 

Tf = q-° Z l 2 ®---®q~° Z l 2 ®of®q° Z l 2 ®...®q° Z l 2 (j = 1, 2, . . . , L). (11) 
We define S+ and by 

s+ = x>±, ^ ± = E T f- ( 12 ) 

i=i i=l 
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They are generators of the affine quantum group U q {sl{2)). 

Let us introduce the (/-integer [n] and the g-factorial [m]\, respectively, by the following: 



r 1 q n -q~ n r " 
n = =- , \m ! 



l[[k}. (13) 

11 * k=l 

It is easy to show 

{s±)m = q ± m{ m- m[m]l £ Sf...<, 

l<ii<—<» m <i 

(T±r = gTm(m -i)/2 H! £ (14) 

l<ii<-<i m <L 

The symbols S*^ and T ± ( Ar ) are defined in Ref. [6] by 

6 ~™ [iV]! ' J [N]\ ■ (15j 

Here we define (S^jM and (T ± )( m ) for all positive inte gers m by 

(S±)( m ) = lim V> , (T±)M = lim ^-L- . (16) 
q—>qa [my. q^qo [my. 

Explicitly, we have (5 ± )( m ) for any positive integer m as follows. 

( 3 ±}{m) _ ^ ^2 g) . . . <g) ?( a (g, (t± <g) g Q 2 ® . . . <g) g Q 2 

i<ii<-<im<i 

(m-4) jZ _m ff Z -™. CT Z 

®°ja ® % 2 ® • • • ® ^ ® <? 2 ® • • • ® % 2 • ( 17 ) 

Let m and n be integers such that \m — n\ = kN for some integer k. When qQ is a 
root of unity with q 2N = 1, we have the following. 

(1) In the sectors of S z = —if + n(modiV), we have 

( 5 +)(m) (t-)^t(z; 99) = q™~ n t(z; ^)(S + ) (m) (T~)( n ) 

(2) In the sectors of S z = —99 — n(modiV), we have 

(T- ) (m) (5+) (n) r (z; 99) = q™~ n T (z;<p) (T~ ) (m) (5+) (n) 

(3) In the sectors of S z = 99 — n(modiV), we have 

{S- ) (m) (T+) {n) r (*; 99) = q^- n r(z; 99) (5" ) {m) (T+ ) (n) 

(4) In the sectors of S z = 99 + n(modiV), we have 

(T+)( m )(S-)( n) T(z;cp) = q™- n T(z;v){S-) (m) {T + )^ 

Here we note that q$ = ±1 when go is a root of unity with q$ N = 1. Thus we have 
q™~ n = (±l) fc - For simplicity, we have not considered the case when N is odd with 
q$ = 1 and S z + 99 = N/2 (mod N) or S z - 99 = N/2 (mod N). 
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2.4 Examples 

For an illustration, we consider the case of a root of unity where N = 3 (q^ = 1) and L 
is even. Some of the operators commuting or anti-commuting with the twisted transfer 
matrix are given as follows. 

(la) ip = and S z = (mod N) 

(S + ) (3) , {S-) (3) , (T+)( 3 \ (T-)® 

They generate the sl2 loop algebra [6]. 
(lb) 99 = and S z = 1 (mod N): 

(5+)(4) (T - ) (i) ) ( T -)( 5 )(5 + )( 2 ), (,s-)( 5 )(r + )( 2 ), (t+)( 4 )(s-)«, 

(5+)«(T-)( 4 ), (T-)( 2 )(5+)( 5 ), (,S-)( 2 )(r+)( 5 ), (T+)( 1 )(S-)( 4 ),... . 

It is conjectured that they generate the sfa loop algebra [6]. 
(lc) ip = and S z = 2 (mod AT): 

(s + )( 5 >(t-)( 2 \ (r)W(^)W, (s-)( 4 )(t+)W, (r + )( 5 )(s-)( 2 ), 

(S+)( 2 )(T-)( 5 ), (T-)^(S + )^\ (S-)«(T+)( 4 ), (T+)( 2 )(S-)( 5 ),... . 

It is conjectured that they should generate the sly loop algebra [6]. 
(2a) 9? = 1 and S z = (mod N): 

(S + )^(T-)W, (T-f\S + )W, (S-)^(T + Y 2 \ (T+)W (S-)^,... , 

(5+)«(r-)W, (T-)( 2 )(^ + )( 5 ), (^-)( 2 )(r+)( 5 ), (t+)«os-) (4) >--- • 

(2b) = 1 and S z = 1 (mod N): 

(5 +)(5) (T - ) (2) 5 (r -)(4) (5 +)(l) > (5 -)(3) ; (T+) (3) ; ; 

(5+)^(T-)( 5 ), (T-)«(5+)( 4 ),... . 

(S 1- )*- 3 ) and (T + )( 3 ) generate a Borel subalgebra |13j . 
(2c) ip = 1 and S z = 2 (mod JV) 

(s + )W, (r-)< 3 >, (5-)( 5 )(r+)( 2 ), (r+)( 4 )(5-)( 1 ),... , 

((S _ )(2)(T+)( 5) ; ( T +)(l)(5-)(4) j ... . ( 18 ) 

(S + )( 3 ) and (T~)( 3 ) generate a Borel subalgebra [13] . 
(3a) 99 = 2 and S z = (mod N): 

(S + )^(T~) {2) , (T-)( 4 )(5+)«, (5-)( 5 )(T+)( 2 ), (T+)( 4 )(5-)«,...,, 
(S + )^(T-f\ (T-)^(S + )^\ (S-)M(T + f\ (T + )^(S~)^,...,. 
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(3b) ip = 1 and S z = 1 (mod N): 

(5-)«(r+)( 4 ), (T + )W(s-y 5 \...,. 

(S + )^ and (T~)( 3 ) generate a Borel subalgebra [13] . 
(3c) ip = 1 and 5 Z = 2 (mod AT): 

(5 + )W(T-)( 1 ) , (T-)( 5 )(,S + )( 2 ) , (5-)^ , (T+)( 3 ) 
(5+)«(T-)( 4 ), (T-)( 2 )(5+)( 5 ),...,. 

(,S~)( 3 ) and (T + )( 3 ) generate a Borel subalgebra [13] . 

3 Extension of the Borel subalgebra symmetry 
3.1 Definition of the Borel subalgebra of U(L(sl2)) 

We recall that the Borel subalgebra, U(Bq), is generated by the following operators: 

xf,hk for ft = 0, 1, . . . , and x^ for k = 1, 2, . . . . 
They satisfy the defining relations given as follows: 





= 2x t+k ' for J> fc - °' 


[hj,x-] 


= (— 2)xJ +fc , for j > and ft > 1 


x+,x~] 


= 5j t i~hj+k , for j > and ft > 1, 


[hj,h k ] 


= , for j, k > 0, 




= for j > and ft > 0, 




= for j > land A; > 1. 



3.2 Highest weight vectors and highest weight parameters 

Let us define highest weight vectors of the Borel subalgebra U(Bo). 

Definition 2. In a representation ofU(Bo), we call a vector a highest weight vector 
if it is annihilated by all %t's, i.e. x^^ = for k = 0,1,..., and is a simultaneous 
eigenvector of all hk 's, i.e. h^ = d^ for ft = 0, 1, ... . We call the set of eigenvalues dk 
the highest weight of ^ . We call the representation generated by a highest weight vector 
ty, the highest weight representation of ^ . We denote it by ?7(£>o) l I / . 

Definition 3. Let ^ be a highest weight vector ofU(B ). If(x^) r+1 ^f = and (x±) r $> / 
for an integer r, we say that x^ is nilpotent of degree r in the highest weight representation. 
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In a finite-dimensional representation of U(Bq), is nilpotent, i.e. (x^) 5 = for some 
integer s. For a highest weight vector in a finite-dimensional representation of U{B$), we 
can define the highest weight polynomial and highest weight parameters aj similarly as 
in the case of the sfa loop algebra [TO l fTT t fl8] . 

Definition 4. Let ^ be a highest weight vector of U(Bq). By applying the Poincare- 
Birkhoff-Witt theorem to U(Bq), it follows that the highest weight representation U{Bq)'^ 
is decomposed into the direct sum of sub spaces with respect to eigenvalues of ho, and that 
every vector v in the subspace of weight do — 2n is written as follows: 

v= Yl C ki,-,k n x^---x kn ^ . 
i<ki<-<k„ 

We call the subspace of weight do — 2n the sector of degree n. 

Proposition 5. Let ^ be a highest weight vector ofU{Bo). If x\ is nilpotent of degree 
r in the highest weight representation U(Bq)^>, then the sector of degree 2r in U(Bo)^ is 
one-dimensional. 

We can show proposition [5] through the following lemma [181 110] . 

Lemma 6. Let be a highest weight vector of U(Bq). We assume that x± is nilpotent 
of degree r in U(Bq)^. Let us take a non-negative integer n satisfying n < r. Then, for 
any set of positive integers, ki, . . . , k n , we have 

(*r) r "X • • • x L* = A ^..,k n o*r) r * • (20) 

Here, _ ^ is given by a complex number. 

Let us denote by (X)^ the nth power of operator X divided by the n factorial, i.e. 
(X)( n ) = X/n\. 

Lemma 7. Let ^ be a highest weight vector of U(Bq). If x^ is nilpotent of degree r in 
U(Bo)^f, then ^ is a simultaneous eigenvector of (xq)( u ' (z^p 11 ' : 

(x+) ij) (x^) ij) n = Ajfi, for j = l,2,...,r. (21) 

Here Xj are eigenvalues. 

Proof. From the Poincare-Birkhoff-Witt theorem of U[Bq), it follows that the sector of 
degree in U(Bq)^ is one-dimensional. Since (xq)^\x^)^^ is in the sector of degree 
in U(Bo)$>, it is proportional to the basis vector ty. □ 

Let $ be a highest weight vector in a finite-dimensional representation of the Borel 
subalgebra U{Bq). We now introduce parameters expressing the highest weight of ^ . We 
denote by A = (Ai, . . . , A r ) the sequence of eigenvalues A& which are defined in eq. OTT) . 
Here we recall that in a finite-dimensional representation, x7 is nilpotent of some degree. 
We define a polynomial P\{u) by the following relation |10j : 

r 

P x (u) = Y J ^k{-u) k . (22) 

fc=0 
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We call it the highest weight polynomial of 
Let us factorize polynomial P\(u) as follows 

s 

Px(u) = H(l-a k u) m ><, (23) 

k=l 

where ai,a,2, . . . ,a B are distinct, and their multiplicities are given by mi, mz, . . . , m s , 
respectively. We denote by a the sequence of s parameters ay. 

a = (oi,a 2 ,... ,a s ). (24) 

Here we note that r is equal to the sum of multiplicities my. r = mi + • • • + m s . We define 
parameters &j for i = 1, 2, . . . , r, as follows. 

Oj = afc if mi + m 2 H h m.fc_i < i < mH h m fc _i + m k . (25) 

Then, the set {aj \ j = 1, 2, . . . , r} corresponds to the set of parameters with multiplic- 
ities rrij for j = 1, 2, . . . , s. We denote by a the sequence of r parameters a^: 

&= (ai,&2,...,a r ). (26) 

We call parameters a, the highest weight parameters of It follows from the definition 
of highest weight polynomial V\{u) given by (I22D and that of highest weight parameters 
(|23p that we have 

l<ji<-<i„<r 

If the highest weight parameters are nonzero, we define X n for n = 0, 1, . . . , r by 

An= £ V (28) 

l<ii<-<jn<r- 

We remark that we may call the highest weight polynomial of and the highest 
weight parameters of the loop-highest weight polynomial of and the loop-highest 
weight parameters of respectively [T9j. 



3.3 Borel subalgebra generators with parameters 

Let a denote a finite sequence of complex parameters such as a = (a±, a 2 , • • • , a n ). We 
define generators with n parameters, x^a) and h m (a), as follows [TO t fTTl fl8] : 

n 

Xm( a ) = ^(- l ) kx m~k Yl a h a i2 ■ ■ ■ a ik , 

k=0 {ii,...,i fc }c{l,...,fi} 

n 

h m (a) = ^2(-l) k h m _ k ^ a h a i2 ■ ■ ■ a ik . (29) 

k=0 {h,...,i k }c{l,...,n} 

Here, in the case of the Borel subalgebra U(Bq), we define x^a) and h m (a) for m > n > 
0, and x~ (a) for m > n > 0. 
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Let a and (3 be arbitrary sequences of n and p parameters, respectively. Here we have 
n,p > 0. In terms of generators with parameters we express the defining relations of the 
Borel subalgebra as follows: 

[x}(a),x~((3)] = he +m (a/3) , [^(a),x~(/3)] = -2xJ +m (af3) , (30) 

for £ > n and m > p, and 

[h e (a),x+Q3)] = 2x+ +m (a/3). (31) 

for £ > n and m > p, Here the symbol a(3 denotes the composite sequence of a and (3: 

a/3 = (ai,a 2 , • • • , a n , fa, (3 2 , . . . (32) 

Lemma 8. Xei ^ be a highest weight vector ofU(Bo). Ifx^j~(a)^f = for a positive integer 
t and a sequence of parameters a = (ai, . . . , a n ) where t > n, we have ht+ m (a) = and 
x t+m( a ) = m the highest weight representation o/\E r form G Z>o-' for any set of positive 
integers, ki, k 2 , ■ ■ ■ , k n , and for m G Z>o, we have the following: 

0, (33) 
0, (34) 
0. (35) 



h t+m (a) x ki x k2 ■ ■ ■ x k J> = 



Proof. Following the Poincare-Birkhoff-Witt theorem, one can show that every vector in 
the sector of degree n of U(Bq)^/ is expressed as a linear combination of monomial vectors 
x k~i x k~2 ' ' ' x k n ^- -^ * s eas y to show ([33|h By induction on n, we can show ([34"|h and then 

d55D- □ 
3.4 Recurrence relations 

Let us denote by Bq such a subalgebra of U{Bq) that is generated by x k for k G -Z>o- 
Similary as the case of the sl 2 loop algebra |10j . we can show the following: 

Lemma 9. The following recurrence relations hold for n G Z>q: 

n 

(A n ) : (x+)^(x^ = Y,(-l) k - lx k ~(4) {n - k H x l) (n - k) ™dU(B )B+, 

k=i 
1 n 

(B n ) : (x+)^(xr) (n) = - ^(-l) fc - 1 / lfc (x+)( n - fc )(xr) (n - fc) modC/^ )^o + > 

fc=l 

(C n ) : [/ij(o), (x^) (m) (x^) (m) ] = 0modtT(flb)iBj for m < n and j G Z> . 
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Proposition 10 (Reduction relations). 

r 

zV+l+m* = ^(- 1 )^ fcA -+ 1 ™ feX fc+m^' formeZ> , (36) 

k=l 
r 

dr+i+m = y~](-l) r ~ k K+i-k dk+m , form€Z> . (37) 



k=i 



Proof. Reduction relation (|36p for m = is derived from (A r+ i) of lemma [9] and lemma 
[3 Applying /i n for n > to reduction relation (j36[) for m = 0, we have reduction relation 
(|36p for m = n. Applying to (I36p from the left, we derive relations (|37f) . □ 



Corollary 11. Lei $ 6e a highest weight vector ofU(Bo) and a = (ai, . . . , a r ) £/ie highest 
weight parameters. In the highest weight representation of \& we have h r+m (a) = 0, 
x+ +m (a) = and x~ +1+m (a) = for m G Z> . 

Proof. It follows from lemma [8] and reduction relations (|36|) . □ 

3.5 A theorem on the Borel subalgebra 

We first recall a simple fact in linear algebra. Let x n for n = 0, 1, ... , be an infinite 
sequence of numbers satisfying a linear recurrence relation: 



k=l 



/j IkXn+r-k (38) 



We denote by x n =* (x n+ \, . . . , £ n+r ) Then, for any integer n, there exists a matrix 
such that 

x n = A^x x . (39) 
Furtheremore, we have for any m the following: 

x n+m = A^x m+1 . (40) 

Theorem 12. Let ^ be a highest weight vector in a finite- dimensional representation of 
the Borel subalgebra U(J3q). If all the highest weight parameters of^>, i.e. aj, are nonzero, 
then the action of Bo on ^ can be extended to that of the sfa loop algebra: Suppose that 
x^ is nilpotent of degree r in the highest weight representation of ^> . We define ho by 
ho = ho — do + r, and Xq by 

r 

* = Ec-iy'-Vj > ( 41 ) 

3=1 

where Xj are given by 

h= E ( 42 ) 
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We also define x_* and h_£ for I G Z>o by 

r 

3=1 
r 

fe-/ = ^(-l)^ 1 ^-!^. (43) 

3=1 

Then, they satisfy the defining relations of the sl2 loop algebra in the highest weight rep- 
resentation U{Bq)^ . 

Proof. If a set of operators Xj, hf. for j = 0, 1, . . ., and x^ for k = 1,2, ... , satisfy the 
defining relations of the Borel subalgebra, then the set operators with ho being replaced 
by ho also satisfy the defining relations (I19p . We can also show that Xq satisfies the 
defining relations (fT9l) , Making use of corollary fTTT we can show [x+,xl £ ] = h m -£, 
[h m ,xt(\ = (±2)x^_ £ , [x+ £ ,x~] = h m - e and [h-i,x±] = (±2)x^_ e for m,n G Z> . Here 
we express h—£ and x^ in terms of linear combinations of hj and x^ for j = 1,2, ... ,r. 
We calculate commutation relations among hj and x^ for j,k = 1,2, ... ,r, and then show 
the defining relations through (f4*0|) . For an illustration, we show [h-t,x^] = (±2)ar^ +m 
as follows. 



[h-t,xt] = [(Al- e -Vho),xt 



r mJ 



^mJ 



3=1 



(±2)x;4' 



x± 



3 3+"i 
3=1 



(±2) 
(±2)x 



HI 

± 



1 



Similary, we can show [ x~^g,x m \ — h—£^ m . Furthermore, we can show [x^ m ,x_^] — h— rn —g 
and [h- m ,x_ £ ] = (±2)x_ m _ £ for m,n £ Z> . □ 

We note that in a finite-dimensional representation of the Borel subalgebra, the highest 
weight do is not necessarily given by an integer. 

We should note that Benkart and Terwilliger (2004) have shown that an irreducible 
finite-dimensional representation of the Borel subalgebra is extended uniquely to an ir- 
reducible representation of the sl2 loop algebra [14J. Thus, if the highest weight repre- 
sentation is irreducible, then theorem 1121 should be equivalent to the result [14] . Here 
we recall that an irreducibility criterion is known for a finite-dimensional highest weight 
representation of the Borel algebra with nonzero highest weight parameters as follows [18J: 

Proposition 13. Let ^ be a highest weight vector in a finite- dimensional representation 
of U(Bq). We denote by hj the highest weight parameters. It generates an irreducible 
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representation if and only we have 

s 

^(-irV s -r*7 + i* = 0, (44) 
j=0 

where fi^ (k = 1, 2, . . . , s) are given by 

Mfc = ^ «ii • • • a ik . 

l<ii<--<i^<s 

Thus, in a finite-dimensional highest weight representation of U(Bo), if the highest 
weight vector satisfies the condition (|44p . it is irreducible and we can also show by making 
use of the result of Ref. [2] that it is extended into a finite-dimensional highest weight 
representation of the sfa loop algebra. 



4 Application to the twisted XXZ spin chain 

4.1 Regular Bethe vectors under the twisted B.C. as high- 
est weight of U(L(sl2)) 

We briefly discuss some important points of the infinite-dimensional symmetry of the 
twisted XXZ spin chain at roots of unity. Some details will be given elsewhere. 

For the periodic XXZ spin chain at a root of unity qo with q^ N = 1, Fabricius and 
McCoy conjectured [9] that every Bethe state should be a highest weight vector of the 
sl2 loop algebra. Then, it has been explicitly proved for some sectors of S z mod iV [11] 
that every regular Bethe state is a highest weight vector of the s/2 loop algebra. For the 
twisted XXZ spin chain, we can also show in some sectors of S z mod iV that every regular 
Bethe state is highest weight with respect to the Borel subalgebra U{Bq). 

Let us denote by ii, £2, . . . , t.R solutions of the twisted BA equations 

Here a§y(z) and al§y(z) are given by 

a>6v(z) = sinh L (z + n) , d§v {z) = sinh L (z — 77) . (46) 

We recall that function f{z — w) is given by 

„. . sinhfz — w — 2rj) 

f{Z -W) = — r , 

smn(z — w) 

and q = exp(2r/). 

Definition 14. Let t\,t2, ... ,tn satisfy the twisted Bethe ansatz equations ft45\ ). We call 
them Bethe roots. We call a set of Bethe roots, £i,t2> • • • ,tR> regular, if they are finite 
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and distinct. In terms of a set of regular Bethe roots, t\,t2, ■ ■ ■ ,tn, we define the regular 
Bethe state \R) by 

\R) = B(t 1 )B(t 2 )---B(t R )\0) (47) 
Here |0) denotes the vacuum state in which all spins are up. 

We recall the following conjecture 

Conjecture 15. For the twisted Bethe ansatz equations |^5p at a root of unity qo, every 
set of regular Bethe roots t%, t%, . . . ,tn gives an isolated solution of eqs. |^5| ). 

We can show conjecture [15] for some particular cases. For instance, it is trivial for such 
Bethe states with one down-spin. 

Assuming conjecture 1151 we can show the following theorem. 

Theorem 16. Let qo be a root of unity with = 1 for some integer N, and cp an 
integer or a half-integer such that we have q$ v = 1. Every regular Bethe state \R) gives 
a highest weight vector of the Borel subalgebra U(Bq) if it is in sector A: S z = +<p> (mod 
N) or S z = — p (mod N) where q^ N = 1, or in sector B: S z = N/2 + <p (mod N) or 
S z = N/2 - (p (mod N ) where q^ = 1 with N odd. 

The proof of theorem [16] will be given in a different paper. 



4.2 Derivation of the degree of nilpotency for x 1 

Let us assume that a regular Bethe state \R) of the twisted XXZ spin chain is in such 
a sector of S z where theorem \TU\ holds, i.e. \R) is a highest weight vector of U{Bq). 
For a highest weight representation of U(J3q) generated by \R), it follows from the finite 
dimensionality that is nilpotent. 

Let t\ , £2 j • • • , tn be such a set of regular Bethe roots at a root of unity qo with q$ = 1 
that leads to the regular Bethe state \R). Let us define r/o by q = exp2?7o. We now 
introduce the following function: 

Y(v;<p)= > — s = — (48) 

nf =1 (smh(v-t j -2£r l o)sinh(v -t, -2(£+l)r, ) 

It follows from the twisted Bethe ansatz equations (j4"5"j) that Y(v; tp) is a Laurent poly- 
nomial of exp 2Nv. Here we recall that when ip = it is nothing but the polynomial 
introduced by Fabricius and McCoy for the XXZ spin chain at roots of unity under the 
periodic boundary conditions [9] [TT]. 

Making use of the Laurent polynomial Y(y; (p), we can show the following. 

Proposition 17. Let \R) be a regular Bethe state of the twisted XXZ spin chain at q$ a 
root of unity with q$ = 1 and in a sector of S z and with twist parameter ip such that the 
conditions of theorem[Wi hold. Then, it is a highest weight vector of U(Bq), and all the 
highest weight parameters of \R) are nonzero. 
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Let us consider a regular Bethe state \R) in such a sector of S z where we have S z ±<p 
(mod N). It follows from theorem [12] and proposition [T7] that the highest weight 
representation generated by any given regular Bethe state in a sector of S z ± ip = (mod 
N) extends to a highest weight representation of the sl2 loop algebra. Thus, the Borel 
subalgebra symmetry of the twisted XXZ spin chain is extended to the sfa loop algebra 
symmetry. 

4.3 Conjecture of the loop algebra symmetry of the 
twisted transfer matrix 

We now present the following conjecture: 

Conjecture 18. The twisted XXZ spin chain at roots of unity with twist parameter ip 
being integers should have the SI2 loop algebra symmetry in every sector of S z mod N. 

5 Representations of the Onsager algebra derived 
from highest weight representations of U^L^sfa)) 

The Onsager algebra is generated by operators A m and G# (£, m = 0, ±1, ±2, . . .) satisfyng 
the following defining relations [201 ED E2J [23 [21 [25] : 

[Ag, A m ] = 4Gi_ m , 

[Gg, A m ] = 2A m+ £ — 2A m _e , 

[Gi,G m ] = 0. (49) 
We remark that Davies has shown that if generators A n satisfy a linear recurrence relation 

n 

7kA k - n = , (50) 

k=—n 

then they are expressed in terms of the generators of sfe as follows |22j : 

n 

A m = 2 ® zf + ej ® zj m ) , 

i=i 

n 

G k = Yl ( h j ® z ) ~ h i ® z 7 k ) ( 51 ) 
3=1 

Here and hy. satisfy 

i h i> e k] = ±2e f 6 Jk , [ej, e-l ] = hj 6 jik (52) 
Let a denote a finite sequence of complex parameters such as a = (0:1,02 > • • ■ >Q^). 
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Similarly as (|29p . we define generators with i parameters, A m (a) and G m (a), as follows: 

I 

A m (a) = y^(-l) fc A m _ fc y j a h a i2 ■ ■ ■ a ik , 
k=o {i 1) ...,i h }c{i,...,£} 
l 

G m (a) = y^(-l) fc G m „ fc X! «ii«i 2 ' • - a ih • ( 53 ) 

fc=o {ii,...,i fc }C{l,...fl 

Let fi be a highest weight vector in a finite-dimensional representation of the sli loop 
algebra, U{L{sl2))- We define operators A m and Gfc in terms of generators and /ifc of 
U(L(sl 2 )) by 

^m = il + 4. Cfc = h k - h_ k . (54) 

Then, operators A m and G k satisfy the defining relations of the Onsager algebra. Fur- 
thermore, we can show recurrence relations of A^s. 

Proposition 19. Let Q be a highest weight vector in a finite- dimensional representation 
of the sl 2 loop algebra, U(L(sl2))- If generators x~ of U{L{sl2)) satisfy a recurrence 
relation, x~(/3)£l = 0, for a sequence of nonzero parameters (3 = (fiijfa, . . . , (3 n ), then we 
have 

A n (P;P)=Q. (55) 
Here denotes = (Z^ -1 ,/^ -1 , . . . ,f3~ l ) . 

In Ref. [15], the sl<2 loop algebra symmetry is derived for a spin-iV/2 fusion model 
of the six-vertex model at qo being an iVth root of unity, which is associated with the 
superintegrable chiral Potts model. From the representations of the s/2 loop algebra 
derived from the fusion model, we can thus construct representations of the Onsager 
algebra. Then, through proposition [T9l we derive recurrence relations for generators of 
the Onsager algebra. It should thus be an interesting problem to discuss connections to 
the Onsager algebra symmetry of the Zn symmetric Hamiltonian given by von Gehlen 
and Rittenberg. We shall discuss them elsewhere. 
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